The mass-correction functions in the second-order non-adiabatic Hamiltonian are computed for the 4 He + 2 molecular ion using the variational method, floating explicitly correlated Gaussian functions, and a general coordinate-transformation formalism. When non-adiabatic rovibrational energy levels are computed using these (coordinate-dependent) mass-correction functions and a highly accurate potential energy and diagonal Born-Oppenheimer correction curve, significantly improved theoretical results are obtained for the nine rotational and two rovibrational intervals known from high-resolution spectroscopy experiments. * Electronic address: matyus@ chem.elte.hu
I. INTRODUCTION
Precision spectroscopy measurements challenge theoretical and computational methodologies to go much beyond the current state of the art and to study various possible subtle effects, which have been overlooked or considered to be negligible in the past. The search for "small effects" is usually triggered by a disagreement between the most accurate experimental and the best possible theoretical results, when this disagreement is larger than the error bars on the experimental and computed datasets. A famous example for a decadeslong, hand-in-hand race of theory and experiment is the dissociation energy of molecular hydrogen [1, 2] , which started at the advent of quantum mechanics and has reached by now a level of sophistication when experts propose to use the hydrogen molecule's spectral lines to test fundamental physical constants and search for new physical theories [3, 4] , thereby cultivating a renaissance for molecular physics.
The present work is motivated by the sizeable disagreement between the recently measured rotational intervals of 4 He + 2 [5] and adiabatic rotational-vibrational computations using a highly accurate potential energy curve, including the diagonal Born-Oppenheimer corrections (DBOC), obtained with variationally optimized floating explicitly correlated Gaussian (fECG) functions in Ref. [6] . The deviation of the experimental and computational results increases with the rotational quantum number, N + , the energy of which is measured from the N + = 1 rotational state (in the electronic and vibrational ground state). The deviation becomes as large as 0.069 cm −1 (2.1 GHz) for theν(N + = 19) −ν(N + = 1) interval, which is almost twice as large as the estimated relativistic and radiative corrections. Semeria, Jansen, and Merkt proposed [5] that the neglect of the coordinate-dependence of the effective masses, which would account for non-adiabatic effects, could be responsible for the "missing" part of the deviation between experiment and theory.
The second-order non-adiabatic Hamiltonian for a single isolated electronic state, which includes a kinetic-energy-correction term that can be written as a correction to the mass tensor, has been discovered and re-discovered in various contexts in the past [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] -for a hopefully nearly complete summary see the Introduction of Ref.
[27] (henceforth Paper I).
These derivations and discoveries have remained somewhat isolated yet, and the rigorous computation of the mass-correction tensor is rarely carried out, whereas the DBOC, which appears at the same order in the Hamiltonian, is almost routinely computed for a variety of 2 poly-electronic and poly-atomic molecules [28] [29] [30] [31] . In the present work, we use the general curvilinear formalism and our in-house developed variational fECG code [27] to obtain the rigorous mass-correction functions for the 4 He + 2 molecular ion in its X 2 Σ + u ground electronic state, and compute its non-adiabatic rovibrational bound and long-lived resonance states.
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II. THEORETICAL AND COMPUTATIONAL DETAILS
In Paper I we have re-written the second-order non-adiabatic Hamiltonian,Ĥ (2) , of Ref. [25] , using a general curvilinear coordinate formalism and considered the time-independent Schrödinger equation:
where U is the diagonal Born-Oppenheimer correction to the BO potential energy, V , and the effectiveG µν tensor was written as:
In Eq. (2), g αβ is the (α, β)th element of the contravariant metric tensor of the curvilinear coordinates and we defined the transformation matrix
In Eq. (3) J is the Jacobian matrix for the curvilinear coordinates and O is a rotation matrix which connects the laboratory frame and the frame of the atomic nuclei used to compute the elements of theĀ mass-correction tensor from electronic-structure theory. For a body-fixed frame selected for the atomic nuclei (R ia , i = 1, . . . , N and a = x(1), y(2), z(3))
A is computed as [49] 
and we have introduced the {f n , n = 1, . . . N aux } auxiliary basis set to compute the resolvent.
1 −P is a projector to the space orthogonal to the electronic state ψ, which is an "isolated" eigenstate of theĤ el electronic Hamiltonian, for further details see Paper I.
Derivatives of the electronic wave functions are computed by finite differences with a step size of ∆ = 10 −4 bohr along each Cartesian directions and using the rescaling idea for the fECG centers upon a small change of the nuclear positions [27, 32] . Instead of directly computing F −1 , we solve the system of linear equations for x m,j b
where instead of using E, we have E + iε which allows us to avoid the implicit or explicit inversion of a near singular matrix (E is a tight variational upper bound to an eigenvalue of the electronic Hamiltonian,Ĥ el ). For the present applications, iε = i10 For homonuclear diatomic molecules, it is natural to replace the six Cartesian coordinates with the three polar coordinates, (ρ, θ, φ) and the three Cartesian coordinates of the nuclear center of mass (NCM). This transformation and the particular expressions for the effectivẽ G µν tensor have been worked out in detail in Paper I, so we only repeat the final expression ("." means "0" in the matrix):
It is important to re-iterate that not only in the BO,Ĥ (0) , but also inĤ (2) , the translation of the nuclear center of mass (always) exactly separates from the translationally invariant (TI),
i.e., rotational-vibrational, part of the problem (inG µν the TI-NCM block is rigorously zero)
[26], hence we consider only the rovibrational part by subtracting the translational kinetic energy of the center of mass (which also gains a correction term inT (2) ). Furthermore, the kinetic energy operator of diatomic molecules (T (0) orT (2) ) does not contain any mixed derivatives between the radial and angular coordinates (note that the TI block in Eq. (7) is diagonal). Hence, the angular part of the second-order rovibrational Hamiltonian can be integrated with the Y JM (θ, φ) spherical harmonic functions (similarly to the standard solution of diatomics withT
rv ), and we are left with the numerical solution of the radial equation:
where ϕ J is normalized using the volume element ρ 2 dρ. Instead of solving Eq. (8), we proceed similarly to Pachucki and Komasa [22] and use the operator identity
to obtain
where χ J (ρ) = ρϕ J (ρ) and χ J is normalized with the volume element dρ. To obtain rovibrational energies (including non-adiabatic corrections) and wave functions, we solve Eq. (10) using the discrete variable representation (DVR) and associated Laguerre polynomials, L (α) n with α = 2 for the radial (vibrational) degree of freedom. The DVR points are scaled to an
The n number of DVR points and functions, as well as R min and R max are determined as convergence parameters, and their typical value is around n = 300 − 1000, R min = 1 bohr and R max = 30 − 100 bohr. Finally, we mention that the term including the ∂A ρ ρ /∂ρ derivative has an almost negligible effect on the computed rotational-vibrational states (< 0.001 cm −1 ).
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A. Mass-correction curves and non-adiabatic rovibrational energies
For the rovibrational computations, we used the highly accurate PES and DBOC curves computed by Tung, Pavanello, and Adamowicz [6] . The mass-correction functions have been evaluated in the present work using a modified version of our in-house developed pre-BornOppenheimer (preBO) code [33] [34] [35] [36] [37] , see also related developments in Refs. [38] [39] [40] [41] . The particular computational methodology for the mass-correction tensor is explained in Paper I, and the numerical details for the present system are described in the following paragraphs.
We optimized the floating ECG basis function parameters as well as the single parameter in the spin function of three electrons coupled to a doublet state [42] by minimizing the electronic energy at the internuclear distance ρ = 2 bohr. The electronic energy was converged within 10 µE h (∼ 2.2 cm −1 ) in comparison with earlier work [6, 43] . Starting out from the optimized electronic basis set corresponding to ρ = 2 bohr, we have increased Table I (in what follows, we adopt 7 the notation of Ref. [5] and use N + for the rotational angular momentum quantum number of He + 2 ). For a direct comparison with the experimentally observed rotational intervals, we added to the non-adiabatic transition energies the estimated relativistic and radiative corrections [6] . According to the explanation in Ref. [5] these corrections were calculated by scaling the relativistic and radiative corrections of the rotational states of H 2 [44] by a factor of 3.9.
The deviation of the computed rotational intervals from experiment is visualized in Figure It is much more difficult for us to make an assessment about the error in the estimated relativistic and radiative corrections, and firm error bounds could be made by explicitly computing these corrections for the 4 He + 2 molecular ion. To finish with the discussion of the numerical results, we comment on the two earlier 4 He + 2 measurements [45, 46] . Ref. [45] reported predissociative features of 4 He + 2 . In the hope of being able to identify (and assign) the reported peaks we computed "all" bound and longlived resonance states of 4 He + 2 using the rigorous mass-correction curves computed in this work and the highly accurate PES and DBOC curves of Ref. [6] . Due to the low resolution and relatively large uncertainty of the experimental energy positions of [45] , we refrain here from giving any suggestions for the assignment, and just deposit the computed non-adiabatic rovibrational energies (and non-adiabatic corrections) in the Supplementary Material.
Using the high-resolution microwave electronic transitions reported in Ref. [46] , two rovibrational energy intervals of the ground-electronic state can be deduced. These intervals were computed in Ref. [6] with the constant δm = 3/2 m e mass correction model, and we have also computed them with the coordinate-dependent mass functions (see Table II ). The 
. In all computations we used the highly accurate PES and DBOC curves computed by Tung et al. [6] . The nuclear mass for the 4 He nucleus was m n = 7 294.299 536 3 m e (same as in Ref. [6] ) and 1 E h = 219 474.6313 702 cm −1 [47] . Table I of Ref. [5] . b : Rotational intervals computed with constant effective nuclear masses corresponding to the qualitative reasoning that the electrons follow the nuclei: m est = m n + δm est (both for rotations and vibrations). These effective masses were used also in Ref. [6] to compute rotation-vibration energy levels. c : Rotational intervals computed with the rigorous mass-correction functions computed in the present work (see Figure 1) . d : Rotational transitions obtained in c corrected with the estimated relativistic and radiative effects for each rotational state according to Ref. [6] (see also text and Ref. [5] for details). 
PES+DBOC [6] 1.00 . The rotational intervals were computed using the PES and DBOC curves of Ref. [6] and (a) the δm est = 3/2 constant-mass correction model also used in Ref. [6] (blue squares); (b) the same as (a) but including the relativistic and radiative estimates [6] , see text and Ref. [5] for details (green triangles); and (c) using the rigorous mass-correction functions computed in the present work and including the relativistic and radiative estimates (red circles). [46] and computed with the adiabatic potential energy curve of Ref. [6] and constant effective masses (ν na-est ) as well as with the rigorous mass-correction curves (ν na ) computed in this work. . At the present stage, we may conclude that the highly accurate PES and DBOC points of Ref. [6] and the series of high-precision rotational intervals measured in [5] made it possible to study and identify subtle non-adiabatic effects in one of the simplest poly-electronic molecule (molecular ion).
Note added at the revision stage
After submission of this work, we became aware of new measurements which determine rotational intervals for the first vibrational excitation (v = 1) and the vibrational fundamental frequency of 4 He + 2 [48] . The increasing experimental dataset will allow a more detailed study of the fine interplay of small effects earlier neglected in the theoretical description of this molecular ion.
Supplementary Material
The Supplementary Material contains 1) non-adiabatic rovibrational energies obtained with the rigorous mass-correction functions; 2) deviation of the rovibrational energies computed with the non-adiabatic mass-correction functions and constant masses (nuclear plus 3/2 13 electron mass); 3) non-adiabatic mass correction values to the rotational and vibrational degrees of freedom.
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